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Abstract

As I started writing my own little 2D graphics library, I realized that with very
little extra effort I could write all the techniques and formulae down into this little
document. This here is written to be between theory and practical application, so I
don’t quite write raw source code but rather concentrate on the equations and how
they come. Sample code is provided to calculate the more complex polynomial
coefficients as writing them down as formulae is neither useful nor interesting. All
in all I hope you find this document useful, at least in finding the right path.
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1 2D objects

1.1 Line, ray, line segment

Lines can be defined through two points or better through a point p0 and a normalized
vectorn̂ on the line.
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Figure 1: Line, ray, line segment.

The parametric equation for a line is

x = p0 + tn̂, t = (−∞,∞).

The parametric equation for a ray is

x = p0 + tn̂, t = [0,∞).

The parametric equation for a line segment is

x = p0 + tn̂, t = [0, |p1−p0|].

1.1.1 Line segment length

l = |p1−p0|.

1.1.2 Distance of a point from a line

Given pointx the distance from the line is:

d = |p0 +((x−p0) · n̂)n̂−x|

1.1.3 Determing whether a point is on the line

Testing by the parametert:

for a ray: t ≥ 0,

for a line segment: t ≥ 0∧ t ≤ l.
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Testing by a given pointx we first find the parametert by

t = (x−p0) · n̂.

If the point is on the line then the following must hold:

|p0 + tn̂−x|= 0.

Additionally for a ray or a line segment we need to make sure that t is in the proper
range.

1.2 Circle, arc

ϕ1 ϕ0

c R

r1

r0

m

Figure 2: Circle, arc.

Circle can be defined through a centerc = (x0,y0) and radiusR. The implicit equation
for a circle is

(x− x0)
2 +(y− y0)

2 = R2
.

Arc on the circle can be specified by two anglesϕ0 andϕ1.

1.2.1 Determing whether a point is on the circle

Given pointx the following must hold true:

|x−c|= R.

Given an arc segment between anglesϕ0 andϕ1, we can find the normalized vectors
towards the ends of the arc segment:

r̂0 = (cosϕ0,sinϕ0),

r̂1 = (cosϕ1,sinϕ1)

and the vector̂m splitting the arc:

m̂ =

(

cos
ϕ0 + ϕ1

2
,sin

ϕ0 + ϕ1

2

)

.

If the point is on the circle, then it is also on the specified arc if

(x−c) · m̂≥ R r̂0 · m̂.

The vectorm̂ and the value on the right side can be precalculated for fast evaluation.
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1.2.2 Length of an arc

l = |ϕ1−ϕ0|R.

1.3 Ellipse, elliptic arc

a

b
c

m
r 0

r 1

ϕ0

ϕ1 θ

Figure 3: Ellipse, elliptic arc.

Canonical ellipse (one that is at the center of the coordinate system and has not been
rotated) has the equation

x2

a2 +
y2

b2 = 1. (1)

1.3.1 Implicit equation of the ellipse

Suppose we have an ellipse with radiusesa andb, rotated counter-clockwise byθ and
then translated to locationr = (rx,ry). The reverse transformation will take a point
p = (x,y) to

p′ =

(

cosθ sinθ
−sinθ cosθ

)

(p− r) =

(

(x− rx)cosθ+(y− ry)sinθ
−(x− rx)sinθ+(y− ry)cosθ

)

.

Replacing this into the canonical ellipse equation (1) gets us

((x− rx)cosθ+(y− ry)sinθ)2

a2 +
(−(x− rx)sinθ+(y− ry)cosθ)2

b2 = 1.

Expanding this leads to

uxxx2 + uxyxy + uyyy
2 + uxx + uyy + u0 = 0 (2)

where the coefficients come as

u_xx = a∗a∗ s i n ( t h e t a )∗ s i n ( t h e t a ) + b∗b∗ cos ( t h e t a )∗ cos ( t h e t a ) ;
u_xy = −2∗a∗a∗ cos ( t h e t a )∗ s i n ( t h e t a )

+ 2∗b∗b∗ cos ( t h e t a )∗ s i n ( t h e t a ) ;
u_yy = a∗a∗ cos ( t h e t a )∗ cos ( t h e t a ) + b∗b∗ s i n ( t h e t a )∗ s i n ( t h e t a ) ;
u_x = −2∗ r_y∗b∗b∗ cos ( t h e t a )∗ s i n ( t h e t a )

+ 2∗ r_y∗a∗a∗ cos ( t h e t a )∗ s i n ( t h e t a )
− 2∗ r_x∗a∗a∗ s i n ( t h e t a )∗ s i n ( t h e t a )
− 2∗ r_x∗b∗b∗ cos ( t h e t a )∗ cos ( t h e t a ) ;

u_y = −2∗ r_x∗b∗b∗ cos ( t h e t a )∗ s i n ( t h e t a )
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+ 2∗ r_x∗a∗a∗ cos ( t h e t a )∗ s i n ( t h e t a )
− 2∗ r_y∗a∗a∗ cos ( t h e t a )∗ cos ( t h e t a )
− 2∗ r_y∗b∗b∗ s i n ( t h e t a )∗ s i n ( t h e t a ) ;

u_0 = −2∗ r_x∗ r_y∗a∗a∗ cos ( t h e t a )∗ s i n ( t h e t a )
+ 2∗ r_x∗ r_y∗b∗b∗ cos ( t h e t a )∗ s i n ( t h e t a ) − a∗a∗b∗b
+ a∗a∗ r_x∗ r_x∗ s i n ( t h e t a )∗ s i n ( t h e t a )
+ a∗a∗ r_y∗ r_y∗ cos ( t h e t a )∗ cos ( t h e t a )
+ b∗b∗ r_x∗ r_x∗ cos ( t h e t a )∗ cos ( t h e t a )
+ b∗b∗ r_y∗ r_y∗ s i n ( t h e t a )∗ s i n ( t h e t a ) ;

We can also rewrite equation (2) in the following way:

uxxx2 +(uxyy + ux)x +(uyyy2 + uuy + u0) = 0. (3)

1.3.2 Determing whether a point is on the ellipse

Given pointx = (x,y) we can verify that it is on the ellipse by evaluating the implicit
ellipse equation (2).

If we are given an arc on the ellipse through anglesϕ0 andϕ1, then we can again
find the normalized vectors towards the ends of the arc segment:

r̂0 = (cosϕ0 + θ,sinϕ0 + θ),

r̂1 = (cosϕ1 + θ,sinϕ1 + θ)

and the vector̂m splitting the arc:

m̂ =

(

cos
ϕ0 + ϕ1 +2θ

2
,sin

ϕ0 + ϕ1 +2θ
2

)

.

If the point is on the circle, then it is also on the specified arc if

(x−c) · m̂≥ |x−c|r̂0 · m̂.

1.3.3 Finding the vectors r0 and r1

Given a canonical ellipse, the endpoints are located towards normalized vectorŝr0 =
(r0x,r0y) andr̂1 = (r1x,r1y) given by

r̂0 = (cosϕ0,sinϕ0),

r̂1 = (cosϕ1,sinϕ1).

We can get vectorsr0 and r1 by intersecting a line in the direction of an endpont
(x = r̂0t) with the ellipse. This can be done by solving the following formula:

(r0xt)2

a2 +
(r0yt)2

b2 = 1,

r2
0xb2t2 + r2

0ya2t2 = a2b2

From here we only have use for the positivet

t =

√

a2b2

a2r2
0y + b2r2

0x
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and the point is

r0 = t r̂0 =

√

a2b2

a2r2
0y + b2r2

0x

r̂0.

For an arbitrary ellipse with rotationθ the formulae are

r0 =

√

a2b2

a2r2
0y + b2r2

0x

(

cosθ −sinθ
sinθ cosθ

)

r̂0,

r1 =

√

a2b2

a2r2
1y + b2r2

1x

(

cosθ −sinθ
sinθ cosθ

)

r̂1.

1.3.4 Length of an elliptic arc

Given ellipse with a paramentric equation in canonical formis

x(t) = acost,

y(t) = bsint.

Then the length is

l =

ˆ

ds

=

ˆ

√

dx2 + dy2

=

ˆ t1

t0

√

a2sin2 t + b2cos2 tdt.

While this is an ellipse and that’s an integral - we have one ofthe famous unsolvable
elliptic integrals. So we must use numeric integration again. What is left to determine
are the integration limits. As we can calculate the points atour arc ends, the valuet is
simply

t0 = cos−1 xϕ0

a
if yϕ0 ≥ 0,

or

t0 = 2π−cos−1 xϕ0

a
if yϕ0 < 0.

1.3.5 Normal along the line

We again find the parametert corresponding to positionx just as in1.3.4and then just
use the parametric equation:

n̂ =

(

dx
dt ,

dy
dt

)

∣

∣

∣

(

dx
dt ,

dy
dt

)∣

∣

∣

=
(−asint,bcost)

√

a2sin2 t + b2cos2 t
.
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1.4 Cubic bezier curve
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Figure 4: Cubic bezier curve.

Cubic bezier curve is parametrically defined through four pointspk = (pxk, pyk) as:

x(t) = (1− t)3p0 +3(1− t)2tp1 +3(1− t)t2p2 + t3p3, t ∈ [0,1]. (4)

Sometimes it is useful to employ this form instead
{

x = a3t3 + a2t2 + a1t + a0,

y = b3t3 + b2t2 + b1t + b0

where the coefficients are

a3 = p_x3 − p_x0 − 3∗p_x2 + 3∗p_x1 ;
a2 = −6∗p_x1 + 3∗p_x0 + 3∗p_x2 ;
a1 = −3∗p_x0 + 3∗p_x1 ;
a0 = p_x0 ;
b3 = p_y3 − p_y0 − 3∗p_y2 + 3∗p_y1 ;
b2 = −6∗p_y1 + 3∗p_y0 + 3∗p_y2 ;
b1 = −3∗p_y0 + 3∗p_y1 ;
b0 = p_y0 ;

1.4.1 Determing whether a point is on the cubic bezier curve

If the point is given parametrically byt, then it just has to be in the interval[0,1]. If we
are given a pointsx = (x,y) then we need to solve the equation

(x−a3t3 + a2t2 + a1t + a0)
2 +(y−b3t

3 + b2t2 + b1t + b0)
2 = 0

for t. If the t is real and within the interval[0,1], then the point is on the line. This
equation expands to

u6t6 + u5t5 + u4t4 + u3t3 + u2t2 + u1t + u0 = 0

where the coefficients are

u6 = a3∗a3 + b3∗b3 ;
u5 = 2∗a2∗a3 + 2∗b2∗b3 ;
u4 = 2∗a1∗a3 + 2∗b1∗b3 + a2∗a2 + b2∗b2 ;
u3 = −2∗a3∗x − 2∗b3∗y + 2∗a0∗a3 + 2∗a1∗a2 + 2∗b0∗b3 + 2∗b1∗b2 ;
u2 = −2∗a2∗x − 2∗b2∗y + 2∗a0∗a2 + 2∗b0∗b2 + a1∗a1 + b1∗b1 ;
u1 = −2∗a1∗x − 2∗b1∗y + 2∗a0∗a1 + 2∗b0∗b1 ;
u0 = −2∗a0∗x − 2∗b0∗y + a0∗a0 + b0∗b0 + x∗x + y∗y ;

8



1.4.2 Implicitization of the cubic bezier curve

We can give the parameterized cubic bezier curve the following form:
{

a3t3 + a2t2 + a1t + a0− x = 0,

b3t3 + b2t2 + b1t + b0− y = 0.

We want to turn this into an implicit curve equation, that is one where we have no
dependance on the parametert:

f (x,y) = 0.

This can be done using the resultant (or the Bezout’s determinant) to eliminate variable
t. As a result we get the following equation:

vxxxx3 + vxxyx2y + vxyyxy2 + vyyyy3 + vxxx2 + vxyxy + vyyy2 + vxx + vyy + v0 = 0

where

v_xxx = b3∗b3∗b3 ;
v_xxy = −3∗a3∗b3∗b3 ;
v_xyy = 3∗b3∗a3∗a3 ;
v_yyy = −a3∗a3∗a3 ;
v_xx = −3∗a3∗b1∗b2∗b3 + a1∗b2∗b3∗b3 − a2∗b3∗b2∗b2

+ 2∗a2∗b1∗b3∗b3 + 3∗a3∗b0∗b3∗b3 + a3∗b2∗b2∗b2 − 3∗a0∗b3∗b3∗b3 ;
v_xy = a1∗a3∗b2∗b3 − a2∗a3∗b1∗b3 − 6∗b0∗b3∗a3∗a3

− 3∗a1∗a2∗b3∗b3 − 2∗a2∗a3∗b2∗b2 + 2∗b2∗b3∗a2∗a2
+ 3∗b1∗b2∗a3∗a3 + 6∗a0∗a3∗b3∗b3 ;

v_yy = 3∗a1∗a2∗a3∗b3 + a3∗b2∗a2∗a2 − a2∗b1∗a3∗a3
− 3∗a0∗b3∗a3∗a3 − 2∗a1∗b2∗a3∗a3 − b3∗a2∗a2∗a2 + 3∗b0∗a3∗a3∗a3 ;

v_x = a2∗a3∗b0∗b1∗b3 − a1∗a2∗b1∗b2∗b3 − a1∗a3∗b0∗b2∗b3
+ 6∗a0∗a3∗b1∗b2∗b3 + b1∗a1∗a1∗b3∗b3 + b3∗a2∗a2∗b1∗b1
+ 3∗b3∗a3∗a3∗b0∗b0 + a1∗a3∗b1∗b2∗b2 − a2∗a3∗b2∗b1∗b1
− 6∗a0∗a3∗b0∗b3∗b3 − 4∗a0∗a2∗b1∗b3∗b3 − 3∗b0∗b1∗b2∗a3∗a3
− 2∗a0∗a1∗b2∗b3∗b3 − 2∗a1∗a3∗b3∗b1∗b1 − 2∗b0∗b2∗b3∗a2∗a2
+ 2∗a0∗a2∗b3∗b2∗b2 + 2∗a2∗a3∗b0∗b2∗b2 + 3∗a1∗a2∗b0∗b3∗b3
+ a3∗a3∗b1∗b1∗b1 + 3∗a0∗a0∗b3∗b3∗b3 − 2∗a0∗a3∗b2∗b2∗b2 ;

v_y = a0∗a2∗a3∗b1∗b3 + a1∗a2∗a3∗b1∗b2 − a0∗a1∗a3∗b2∗b3
− 6∗a1∗a2∗a3∗b0∗b3 − a1∗a1∗a1∗b3∗b3 − 3∗a3∗a3∗a3∗b0∗b0
− a1∗a3∗a3∗b1∗b1 − a3∗a1∗a1∗b2∗b2 − 3∗a3∗a0∗a0∗b3∗b3
+ a2∗b2∗b3∗a1∗a1 − a1∗b1∗b3∗a2∗a2 − 3∗a0∗b1∗b2∗a3∗a3
− 2∗a0∗b2∗b3∗a2∗a2 − 2∗a3∗b0∗b2∗a2∗a2 + 2∗a0∗a2∗a3∗b2∗b2
+ 2∗a2∗b0∗b1∗a3∗a3 + 2∗a3∗b1∗b3∗a1∗a1 + 3∗a0∗a1∗a2∗b3∗b3
+ 4∗a1∗b0∗b2∗a3∗a3 + 6∗a0∗b0∗b3∗a3∗a3 + 2∗b0∗b3∗a2∗a2∗a2 ;

v_0 = a0∗a1∗a2∗b1∗b2∗b3 + a0∗a1∗a3∗b0∗b2∗b3 − a0∗a2∗a3∗b0∗b1∗b3
− a1∗a2∗a3∗b0∗b1∗b2 + b0∗a1∗a1∗a1∗b3∗b3 − b3∗a2∗a2∗a2∗b0∗b0
+ a1∗b0∗a3∗a3∗b1∗b1 + a1∗b2∗a0∗a0∗b3∗b3 + a3∗b0∗a1∗a1∗b2∗b2
+ a3∗b2∗a2∗a2∗b0∗b0 − a0∗b1∗a1∗a1∗b3∗b3 − a0∗b3∗a2∗a2∗b1∗b1
− a2∗b1∗a3∗a3∗b0∗b0 − a2∗b3∗a0∗a0∗b2∗b2 − 3∗a0∗b3∗a3∗a3∗b0∗b0
− 2∗a1∗b2∗a3∗a3∗b0∗b0 + 2∗a2∗b1∗a0∗a0∗b3∗b3
+ 3∗a3∗b0∗a0∗a0∗b3∗b3 + a0∗a2∗a3∗b2∗b1∗b1 + a1∗b0∗b1∗b3∗a2∗a2
− a0∗a1∗a3∗b1∗b2∗b2 − a2∗b0∗b2∗b3∗a1∗a1 − 3∗a0∗a1∗a2∗b0∗b3∗b3
− 3∗a3∗b1∗b2∗b3∗a0∗a0 − 2∗a0∗a2∗a3∗b0∗b2∗b2
− 2∗a3∗b0∗b1∗b3∗a1∗a1 + 2∗a0∗a1∗a3∗b3∗b1∗b1
+ 2∗a0∗b0∗b2∗b3∗a2∗a2 + 3∗a0∗b0∗b1∗b2∗a3∗a3
+ 3∗a1∗a2∗a3∗b3∗b0∗b0 + a3∗a3∗a3∗b0∗b0∗b0 − a0∗a0∗a0∗b3∗b3∗b3
+ a3∗a0∗a0∗b2∗b2∗b2 − a0∗a3∗a3∗b1∗b1∗b1 ;
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1.4.3 Splitting the cubic bezier curve

We want to split the bezier curve into two curves at parametric point t. We apply the
de Casteljau algorithm:

p1
0 = (1− t)p0+ tp1,

p1
1 = (1− t)p1+ tp2,

p1
2 = (1− t)p2+ tp3,

p2
0 = (1− t)p1

0+ tp1
1,

p2
1 = (1− t)p1

1+ tp1
2,

p3
0 = (1− t)p2

0+ tp2
1

Here the splitting point isp3
0 and the two new cubic bezier curves are:

x1(t) = (1− t)3p0 +3(1− t)2tp1
0 +3(1− t)t2p2

0 + t3p3
0, t ∈ [0,1],

x2(t) = (1− t)3p3
0 +3(1− t)2tp2

1 +3(1− t)t2p1
2 + t3p3, t ∈ [0,1].

1.4.4 Is a cubic bezier curve self-intersecting

We get a pair of equations
{

a3t3 + a2t2 + a1t + a0 = a3s3 + a2s2 + a1s+ a0,

b3t3 + b2t2 + b1t + b0 = b3s3 + b2s2 + b1s+ b0.

Simplifying this gets us
{

a3(t3− s3)+ a2(t2− s2)+ a1(t − s) = 0,

b3(t3− s3)+ b2(t2− s2)+ b1(t − s) = 0.

Assumingt 6= s we can divide this by(t − s). This yields us
{

a3(t2 + st + s2)+ a2(t + s)+ a1 = 0,

b3(t2 + st + s2)+ b2(t + s)+ b1 = 0.

We can reduce this to a polynomial of single variable by usingthe resultant, so that we
get:

u2t2 + u1t + u0 = 0

where the coefficients are

u2 = −2∗a2∗a3∗b2∗b3 + a2∗a2∗b3∗b3 + a3∗a3∗b2∗b2 ;
u1 = −a1∗a3∗b2∗b3 − a2∗a3∗b1∗b3 + a1∗a2∗b3∗b3 + b1∗b2∗a3∗a3 ;
u0 = −a1∗a2∗b2∗b3 − a2∗a3∗b1∗b2 − 2∗a1∗a3∗b1∗b3 + a1∗a1∗b3∗b3

+ a3∗a3∗b1∗b1 + a1∗a3∗b2∗b2 + b1∗b3∗a2∗a2 ;

We solve this equation and if there are real values in the range [0,1], then the cubic
bezier curve is self-intersecting. The intersection points are indicated by the values of
t.
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1.4.5 Length of a cubic bezier curve

l =

ˆ

ds

=

ˆ

√

dx2 + dy2

=

ˆ 1

0

√

(3a3t2 +2a2t + a1)2 +(3b3t2 +2b2t + b1)2dt.

However, it seems that this integral does not have a closed form solution so one has to
integrate it numerically, for example using the Simpson’s rule.

1.4.6 Normal along the line

At every point in the line there is a normal vector tangent to the line. It is

n̂ =

(

dx
dt ,

dy
dt

)

∣

∣

∣

(

dx
dt ,

dy
dt

)∣

∣

∣

=
(3a3t2 +2a2t + a1,3b3t2 +2b2t + b1)

√

(3a3t2 +2a2t + a1)2 +(3b3t2 +2b2t + b1)2
.

2 2D intersections

2.1 Line, line segment and ray intersections

A

B

a0

b0

â

b̂

x

a1

b1

Figure 5: 2D line intersection.

We are given two linesA andB (figure5) by the parametric equations

a = a0+ sâ,

b = b0 + tb̂,

wherea0 = (a0x,a0y) andb0 = (b0x,b0y) are points on the linesA andB, â = (anx,any)
andb̂ = (bnx,bny) are normalized vectors along the lines ands andt are the independent
parameters. We are interested in the pointx = (x,y) where those two intersect, that is
wherea = b. For this the following must hold true:

a0 + sâ = b0 + tb̂ (5)
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and after finding the parameterst or s satisfying this condition we can write

x = a0 + sâ = b0 + sb̂. (6)

Expanding the vectors in (5) we get a system of two equations in two unknowns:
{

anxs−bnxt = b0x −a0x,

anys−bnyt = b0y −a0y.

From here

s =

∣

∣

∣

∣

b0x −a0x −bnx

b0y −a0y −bny

∣

∣

∣

∣

∣

∣

∣

∣

anx −bnx

any −bny

∣

∣

∣

∣

=
(b0y −a0y)bnx − (b0x −a0x)bny

anybnx −anxbny
,

t =

∣

∣

∣

∣

anx b0x −a0x

any b0y −a0y

∣

∣

∣

∣

∣

∣

∣

∣

anx −bnx

any −bny

∣

∣

∣

∣

=
anx (b0y −a0y)−any (b0x −a0x)

anybnx −anxbny
.

As x in equation (6) can be calculated from only one parameter, only one of theseis
required. However, if we are dealing with rays or line segments then these parameters
are necessary to determine if the intersection is on the segment (see section1.1.3).

2.2 Line-arc intersection

n̂
x

R

x′

cp0

Figure 6: 2D line-arc intersection.

The equation of the circle centered atc = (x0,y0) with radiusR is

(x− x0)
2 +(y− y0)

2 = R2

and the equation of the line is
x = p0 + sn̂.

wherep0 = (a,b) is a point on the line,̂n = (nx,ny) is a normalized vector along the
line ands is the parametric variable. Putting the line equation into the circle we get

(a + snx − x0)
2 +(b + sny− y0)

2 = R2
.
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This is a quadratic equation that we can solve fors:

((a− x0)+ snx)
2 +((b− y0)+ sny)

2 = R2
,

(A + snx)
2 +(B + sny)

2 = R2
,

A2 +2Asnx + s2n2
x + B2 +2Bsny + s2n2

y −R2 = 0,

(n2
x + n2

y)s
2 + s(2Anx +2Bny)+ A2+ B2−R2 = 0,

s2 + sC + D = 0,

s =
−C±

√
C2−4D
2

,

s = −(Anx + Bny)±
√

(Anx + Bny)2−A2−B2+ R2.

So the points on the circle are
x = p0 + sn̂

wheres is
s = −(Anx + Bny)±

√

(Anx + Bny)2−A2−B2+ R2,

A = (a− x0), B = (b− y0).

In case the expression under the square root is negative, there is no intersection.

2.3 Arc-arc intersections

R
r

(d,0)(0,0)

(x,y)

x

Figure 7: 2D arc-arc intersection.

To simplify things lets put one of the circles to the middle ofthe coordinate system and
another with center on the x-axis. In this case the two circleequations are

x2 + y2 = R2
,

(x−d)2 + y2 = r2

whered is the distance between the centers of the two circles. Combining these two
we get

(x−d)2+ R2− x2− r2 = 0.
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From here we can findx:

x2−2xd + d2+ R2− x2− r2 = 0,

x =
d2 + R2− r2

2d
.

Findingy is now trivial:

y = ±
√

R2− x2.

Translating these equations for arbitrarily placed circles centered atc1 andc2 we
get:

d = c2−c1,

d = |d|,

x =
d2 + R2− r2

2d
,

y = ±
√

R2− x2,

x = c1 +
x
d

d± y

[

cosπ
2 sin π

2
−sin π

2 cosπ
2

]

d̂,

x = c1 +
d2 + R2− r2

2d2 d±
√

R2− x2

d2

[

0 1
−1 0

]

d,

x = c1 +
d2 + R2− r2

2d2 d±

√

R2− (d2+R2−r2)2

4d2

d2

[

0 1
−1 0

]

d.

This can be simplified for calculations such as

x = c1 + Bd±
√

R2−0.5AB
d2

[

0 1
−1 0

]

d,

A = d2 + R2− r2
,

B =
A

2d2 .

In case the expression under the square root is negative the circles don’t intersect.

2.4 Ellipse-line intersection

c

x′

x0

n̂
x

Figure 8: 2D line-ellipse intersection.

14



The canonical form for an ellipse is

x2

a2 +
y2

b2 = 1

wherea is the horizontal andb is the vertical radius. Any ellipse can be translated and
rotated to take this form. The parametric equation for a lineis

x = x0 + sn̂

wherex0 = (x0,y0) is a point on the line and̂n = (nx,ny) is a normalized vector along
the line. These two equations can be combined so that we get

(x0 + snx)
2

a2 +
(y0 + sny)

2

b2 = 1.

This is a quadratic equation that we can solve fors:

x2
0

a2 +
2x0nx

a2 s+
n2

x

a2 s2 +
y2

0

b2 +
2y0ny

b2 s+
n2

y

b2 s2−1 = 0,

(

n2
x

a2 +
n2

y

b2

)

s2 +

(

2x0nx

a2 +
2y0ny

b2

)

s+
x2

0

a2 +
y2

0

b2 −1 = 0,

(n2
xb2 + n2

ya2)s2 +(2x0nxb2 +2y0nya2)s+ x2
0b2 + y2

0a2−a2b2 = 0,

As2 + Bs+C = 0,

s =
−B±

√
B2−4AC

2A
.

In case the expression under the square root is negative, there are no intersections.

2.5 Ellipse-ellipse intersection

We are given two ellipses through implicit equations

uxxx2 +(uxyy + ux)x +(uyyy2 + uuy + u0) = 0,

vxxx2 +(vxyy + vx)x +(vyyy2 + vuy + v0) = 0.

These are two multivariate polynomials and we want to find their common roots. To
do this we eliminate one of the variables using the resultant. The result is the following
equation:

a4y4 + a3y3 + a2y2 + a1y + a0 = 0

where the coefficients come as

a4 = −u_xx∗u_xy∗v_xy∗v_yy − u_xy∗u_yy∗v_xx∗v_xy
− 2∗u_xx∗u_yy∗v_xx∗v_yy + u_xx∗u_xx∗v_yy∗v_yy
+ u_yy∗u_yy∗v_xx∗v_xx + u_xx∗u_yy∗v_xy∗v_xy
+ v_xx∗v_yy∗u_xy∗u_xy ;

a3 = −u_x∗u_xx∗v_xy∗v_yy − u_x∗u_yy∗v_xx∗v_xy
− u_xx∗u_xy∗v_x∗v_yy − u_xx∗u_xy∗v_xy∗v_y
− u_xy∗u_y∗v_xx∗v_xy − u_xy∗u_yy∗v_x∗v_xx
− 2∗u_xx∗u_y∗v_xx∗v_yy − 2∗u_xx∗u_yy∗v_xx∗v_y
+ 2∗u_x∗u_xy∗v_xx∗v_yy + 2∗u_xx∗u_yy∗v_x∗v_xy
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+ u_xx∗u_y∗v_xy∗v_xy + v_xx∗v_y∗u_xy∗u_xy
+ 2∗u_y∗u_yy∗v_xx∗v_xx + 2∗v_y∗v_yy∗u_xx∗u_xx ;

a2 = −u_0∗u_xy∗v_xx∗v_xy − u_x∗u_xx∗v_x∗v_yy
− u_x∗u_xx∗v_xy∗v_y − u_x∗u_y∗v_xx∗v_xy − u_x∗u_yy∗v_x∗v_xx
− u_xx∗u_xy∗v_0∗v_xy − u_xx∗u_xy∗v_x∗v_y − u_xy∗u_y∗v_x∗v_xx
− 2∗u_0∗u_xx∗v_xx∗v_yy − 2∗u_xx∗u_y∗v_xx∗v_y
− 2∗u_xx∗u_yy∗v_0∗v_xx + 2∗u_x∗u_xy∗v_xx∗v_y
+ 2∗u_xx∗u_y∗v_x∗v_xy + u_xx∗u_xx∗v_y∗v_y + u_y∗u_y∗v_xx∗v_xx
+ u_0∗u_xx∗v_xy∗v_xy + u_xx∗u_yy∗v_x∗v_x + v_0∗v_xx∗u_xy∗u_xy
+ v_xx∗v_yy∗u_x∗u_x + 2∗u_0∗u_yy∗v_xx∗v_xx
+ 2∗v_0∗v_yy∗u_xx∗u_xx ;

a1 = −u_0∗u_x∗v_xx∗v_xy − u_0∗u_xy∗v_x∗v_xx − u_x∗u_xx∗v_0∗v_xy
− u_x∗u_xx∗v_x∗v_y − u_x∗u_y∗v_x∗v_xx − u_xx∗u_xy∗v_0∗v_x
− 2∗u_0∗u_xx∗v_xx∗v_y − 2∗u_xx∗u_y∗v_0∗v_xx
+ 2∗u_0∗u_xx∗v_x∗v_xy + 2∗u_x∗u_xy∗v_0∗v_xx
+ u_xx∗u_y∗v_x∗v_x + v_xx∗v_y∗u_x∗u_x + 2∗u_0∗u_y∗v_xx∗v_xx
+ 2∗v_0∗v_y∗u_xx∗u_xx ;

a0 = −u_0∗u_x∗v_x∗v_xx − u_x∗u_xx∗v_0∗v_x − 2∗u_0∗u_xx∗v_0∗v_xx
+ u_0∗u_0∗v_xx∗v_xx + u_xx∗u_xx∗v_0∗v_0 + u_0∗u_xx∗v_x∗v_x
+ v_0∗v_xx∗u_x∗u_x ;

We solve the equation, discard all complex values and get a series of possibley.
We replace these into

uxxx2 +(uxyy + ux)x +(uyyy2 + uuy + u0) = 0

and solve it to get matchingx-s. Finally we check that the points(x,y) we get satisfy

vxxx2 +(vxyy + vx)x +(vyyy2 + vuy + v0) = 0.

Once this has passed we have arrived to our intersection points(x,y). Ellipses can have
up to four different intersection points.

Note that for circle arc-elliptic arc intersection we can just convert the circle into
an ellipse and apply this method.

2.6 Cubic bezier-line intersection

This can be tackled the following way. We translate and rotate the line and the bezier
curve so that the line is on the x-axis. This gives us a simple equation for now the
y-component of the bezier parametric equation must be 0 at theintersecting points.

Suppose we have a line defined through a pointx0 as

x = x0 + sn̂

wheren̂ = (nx,ny) is a normalized vector along the line. The transformation matrix to
rotate the cubic bezier’s control points would be

A =

[

cosθ −sinθ
sinθ cosθ

]

=

[

nx −ny

ny nx

]

.

We would transform the bezier curve control points like this:

p′
k = A(pk −x0)

wherep′
k = (ak,bk).
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From the control points we only have use for they-component and form the fol-
lowing equation:

(1− t)3b0 +3(1− t)2tb1+3(1− t)t2b2 + t3b3 = 0

Expanding this gets us

(b3 +3b1−3b2−b0)t
3 +(3b0−6b1+3b2)t

2 +(3b1−3b0)t + b0 = 0

which is a polynomial int. Solving this, and limiting for real cases in the interval[0,1],
gets us the locations of the intersecting points.

2.7 Cubic bezier-ellipse intersection

The implicit equation of the ellipse is

uxxx2 + uxyxy + uyyy2 + uxx + uyy + u0 = 0.

The bezier curve is defined parametrically as
{

x = a3t3 + a2t2 + a1t + a0,

y = b3t3 + b2t2 + b1t + b0.

What we can do is substitute thex andy in the ellipse’s implicit equation with the ones
defined by the bezier curve. We get a degree 6 polynomial:

v6t6 + v5t5 + v4t4 + v3t3 + v2t2 + v1t + v0 = 0

where the coefficients are

v6 = a3∗b3∗u_xy + u_xx∗a3∗a3 + u_yy∗b3∗b3 ;
v5 = a2∗b3∗u_xy + a3∗b2∗u_xy + 2∗a2∗a3∗u_xx + 2∗b2∗b3∗u_yy ;
v4 = a1∗b3∗u_xy + a2∗b2∗u_xy + a3∗b1∗u_xy + 2∗a1∗a3∗u_xx

+ 2∗b1∗b3∗u_yy + u_xx∗a2∗a2 + u_yy∗b2∗b2 ;
v3 = a3∗u_x + b3∗u_y + a0∗b3∗u_xy + a1∗b2∗u_xy + a2∗b1∗u_xy

+ a3∗b0∗u_xy + 2∗a0∗a3∗u_xx + 2∗a1∗a2∗u_xx + 2∗b0∗b3∗u_yy
+ 2∗b1∗b2∗u_yy ;

v2 = a2∗u_x + b2∗u_y + a0∗b2∗u_xy + a1∗b1∗u_xy + a2∗b0∗u_xy
+ 2∗a0∗a2∗u_xx + 2∗b0∗b2∗u_yy + u_xx∗a1∗a1 + u_yy∗b1∗b1 ;

v1 = a1∗u_x + b1∗u_y + a0∗b1∗u_xy + a1∗b0∗u_xy + 2∗a0∗a1∗u_xx
+ 2∗b0∗b1∗u_yy ;

v0 = u_0 + a0∗u_x + b0∗u_y + a0∗b0∗u_xy + u_xx∗a0∗a0
+ u_yy∗b0∗b0 ;

We solve the polynomial for roots, discarding all complex values and values outside
[0,1].

2.8 Cubic bezier-cubic bezier intersection

This can be done by using an implicitized form for one of the bezier curves:

uxxxx3 + uxxyx2y + uxyyxy2 + uyyyy3 + uxxx2 + uxyxy + uyyy2 + uxx + uyy + u0 = 0

and substitutingx andy from the other bezier curve:
{

x = a3t3 + a2t2 + a1t + a0,

y = b3t3 + b2t2 + b1t + b0.
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We’ll get a polynomial int that we can solve for roots:

v9t9 + v8t8 + ...+ v0 = 0

where the coefficients are

v9 = a3∗u_xyy∗b3∗b3 + b3∗u_xxy∗a3∗a3 + u_xxx∗a3∗a3∗a3
+ u_yyy∗b3∗b3∗b3 ;

v8 = 2∗a2∗a3∗b3∗u_xxy + 2∗a3∗b2∗b3∗u_xyy + a2∗u_xyy∗b3∗b3
+ b2∗u_xxy∗a3∗a3 + 3∗a2∗u_xxx∗a3∗a3 + 3∗b2∗u_yyy∗b3∗b3 ;

v7 = 2∗a1∗a3∗b3∗u_xxy + 2∗a2∗a3∗b2∗u_xxy + 2∗a2∗b2∗b3∗u_xyy
+ 2∗a3∗b1∗b3∗u_xyy + a1∗u_xyy∗b3∗b3 + a3∗u_xyy∗b2∗b2
+ b1∗u_xxy∗a3∗a3 + b3∗u_xxy∗a2∗a2 + 3∗a1∗u_xxx∗a3∗a3
+ 3∗a3∗u_xxx∗a2∗a2 + 3∗b1∗u_yyy∗b3∗b3 + 3∗b3∗u_yyy∗b2∗b2 ;

v6 = a3∗b3∗u_xy + 2∗a0∗a3∗b3∗u_xxy + 2∗a1∗a2∗b3∗u_xxy
+ 2∗a1∗a3∗b2∗u_xxy + 2∗a1∗b2∗b3∗u_xyy + 2∗a2∗a3∗b1∗u_xxy
+ 2∗a2∗b1∗b3∗u_xyy + 2∗a3∗b0∗b3∗u_xyy + 2∗a3∗b1∗b2∗u_xyy
+ 6∗a1∗a2∗a3∗u_xxx + 6∗b1∗b2∗b3∗u_yyy + u_xx∗a3∗a3
+ u_yy∗b3∗b3 + a0∗u_xyy∗b3∗b3 + a2∗u_xyy∗b2∗b2
+ b0∗u_xxy∗a3∗a3 + b2∗u_xxy∗a2∗a2 + 3∗a0∗u_xxx∗a3∗a3
+ 3∗b0∗u_yyy∗b3∗b3 + u_xxx∗a2∗a2∗a2 + u_yyy∗b2∗b2∗b2 ;

v5 = a2∗b3∗u_xy + a3∗b2∗u_xy + 2∗a2∗a3∗u_xx + 2∗b2∗b3∗u_yy
+ 2∗a0∗a2∗b3∗u_xxy + 2∗a0∗a3∗b2∗u_xxy + 2∗a0∗b2∗b3∗u_xyy
+ 2∗a1∗a2∗b2∗u_xxy + 2∗a1∗a3∗b1∗u_xxy + 2∗a1∗b1∗b3∗u_xyy
+ 2∗a2∗a3∗b0∗u_xxy + 2∗a2∗b0∗b3∗u_xyy + 2∗a2∗b1∗b2∗u_xyy
+ 2∗a3∗b0∗b2∗u_xyy + 6∗a0∗a2∗a3∗u_xxx + 6∗b0∗b2∗b3∗u_yyy
+ a1∗u_xyy∗b2∗b2 + a3∗u_xyy∗b1∗b1 + b1∗u_xxy∗a2∗a2
+ b3∗u_xxy∗a1∗a1 + 3∗a1∗u_xxx∗a2∗a2 + 3∗a3∗u_xxx∗a1∗a1
+ 3∗b1∗u_yyy∗b2∗b2 + 3∗b3∗u_yyy∗b1∗b1 ;

v4 = a1∗b3∗u_xy + a2∗b2∗u_xy + a3∗b1∗u_xy + 2∗a1∗a3∗u_xx
+ 2∗b1∗b3∗u_yy + 2∗a0∗a1∗b3∗u_xxy + 2∗a0∗a2∗b2∗u_xxy
+ 2∗a0∗a3∗b1∗u_xxy + 2∗a0∗b1∗b3∗u_xyy + 2∗a1∗a2∗b1∗u_xxy
+ 2∗a1∗a3∗b0∗u_xxy + 2∗a1∗b0∗b3∗u_xyy + 2∗a1∗b1∗b2∗u_xyy
+ 2∗a2∗b0∗b2∗u_xyy + 2∗a3∗b0∗b1∗u_xyy + 6∗a0∗a1∗a3∗u_xxx
+ 6∗b0∗b1∗b3∗u_yyy + u_xx∗a2∗a2 + u_yy∗b2∗b2 + a0∗u_xyy∗b2∗b2
+ a2∗u_xyy∗b1∗b1 + b0∗u_xxy∗a2∗a2 + b2∗u_xxy∗a1∗a1
+ 3∗a0∗u_xxx∗a2∗a2 + 3∗a2∗u_xxx∗a1∗a1 + 3∗b0∗u_yyy∗b2∗b2
+ 3∗b2∗u_yyy∗b1∗b1 ;

v3 = a3∗u_x + b3∗u_y + a0∗b3∗u_xy + a1∗b2∗u_xy + a2∗b1∗u_xy
+ a3∗b0∗u_xy + 2∗a0∗a3∗u_xx + 2∗a1∗a2∗u_xx + 2∗b0∗b3∗u_yy
+ 2∗b1∗b2∗u_yy + 2∗a0∗a1∗b2∗u_xxy + 2∗a0∗a2∗b1∗u_xxy
+ 2∗a0∗a3∗b0∗u_xxy + 2∗a0∗b0∗b3∗u_xyy + 2∗a0∗b1∗b2∗u_xyy
+ 2∗a1∗a2∗b0∗u_xxy + 2∗a1∗b0∗b2∗u_xyy + 2∗a2∗b0∗b1∗u_xyy
+ 6∗a0∗a1∗a2∗u_xxx + 6∗b0∗b1∗b2∗u_yyy + a1∗u_xyy∗b1∗b1
+ a3∗u_xyy∗b0∗b0 + b1∗u_xxy∗a1∗a1 + b3∗u_xxy∗a0∗a0
+ 3∗a3∗u_xxx∗a0∗a0 + 3∗b3∗u_yyy∗b0∗b0 + u_xxx∗a1∗a1∗a1
+ u_yyy∗b1∗b1∗b1 ;

v2 = a2∗u_x + b2∗u_y + a0∗b2∗u_xy + a1∗b1∗u_xy + a2∗b0∗u_xy
+ 2∗a0∗a2∗u_xx + 2∗b0∗b2∗u_yy + 2∗a0∗a1∗b1∗u_xxy
+ 2∗a0∗a2∗b0∗u_xxy + 2∗a0∗b0∗b2∗u_xyy + 2∗a1∗b0∗b1∗u_xyy
+ u_xx∗a1∗a1 + u_yy∗b1∗b1 + a0∗u_xyy∗b1∗b1 + a2∗u_xyy∗b0∗b0
+ b0∗u_xxy∗a1∗a1 + b2∗u_xxy∗a0∗a0 + 3∗a0∗u_xxx∗a1∗a1
+ 3∗a2∗u_xxx∗a0∗a0 + 3∗b0∗u_yyy∗b1∗b1 + 3∗b2∗u_yyy∗b0∗b0 ;

v1 = a1∗u_x + b1∗u_y + a0∗b1∗u_xy + a1∗b0∗u_xy + 2∗a0∗a1∗u_xx
+ 2∗b0∗b1∗u_yy + 2∗a0∗a1∗b0∗u_xxy + 2∗a0∗b0∗b1∗u_xyy
+ a1∗u_xyy∗b0∗b0 + b1∗u_xxy∗a0∗a0 + 3∗a1∗u_xxx∗a0∗a0
+ 3∗b1∗u_yyy∗b0∗b0 ;

v0 = u_0 + a0∗u_x + b0∗u_y + a0∗b0∗u_xy + u_xx∗a0∗a0
+ u_yy∗b0∗b0 + a0∗u_xyy∗b0∗b0 + b0∗u_xxy∗a0∗a0
+ u_xxx∗a0∗a0∗a0 + u_yyy∗b0∗b0∗b0 ;
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We solve this for roots, discard the complex roots and valuesoutside the region
[0,1] and then calculate the point using the parametric form. After that we need to
make sure that the point is actually on the first curve. This can be done as specified in
section1.4.1.

2.9 Refining the intersections

Intersections involve calculations that can be numerically unstable. This comes out
very clearly for the cubic bezier curve-cubic bezier curve intersections. If we require
the cubic bezier curve to be sufficiently smooth, we can use a simple trick to refine the
intersection point.

Having an intersection point we can take its parametric locations on the two curves.
If the curves are smooth, then zooming in at the intersectionpoint one can see that they
behave very closely to straight lines there. We can calculate the normals and do a
simple line-line intersection to refine the intersection point.

This simple technique can improve the precision by several orders of magnitude in
one step.

A Polynomials and resultants

I’m not going to go into much detail on how to solve polynomials or calculate resul-
tants. If you need to look for a nice algorithm with example code please find “Numeric
Recipes: the Art of Scientific Computing”. For example the Laguerre’s method is nice
for finding the roots and you can use the Newton-Raphson to polish the real roots.

Calculating resultants can be done using a CAS (computer algebra system).

B Code generation routines

Most of the indexes in the equations above were generated using python and Sympy.
Sympy is a pretty nice CAS (computer algebra system). Here isthe code that was
used:
from _ _ f u t u r e_ _ import d i v i s i o n
from sympy import ∗
import r e

def s p l i t e q s t r ( s , n ) :
i dx = max ( s . r f i n d ( ’+ ’ , 0 , n ) , s . r f i n d ( ’− ’ , 0 , n ) )
i f i dx == −1: i dx = l en ( s )
re turn ( s [ 0 : i dx ] , s [ i dx : ] )

def p r i n t p o l y c o d e ( varn , P , n ) :
e l = [ ]
fo r i i n range ( n ,−1 ,−1):

e l . append ( ( varn + s t r ( i ) , P . c o e f f ( i ) ) )
p r i n t e q l i s t ( e l )

def p r i n t e q l i s t ( e l ) :
fo r ( varn , eq ) i n e l :

s = s t r ( varn ) + ’ = ’ + s t r ( eq ) + ’ ; ’
s = r e . sub ( r ’ ( [ a−z ] + [ a−z0−9 \ ( \ )_ ] ∗ ) \ ∗ \ ∗ 3 ’ , r ’ \ 1 ∗ \ 1∗ \ 1 ’ , s )
s = r e . sub ( r ’ ( [ a−z ] + [ a−z0−9 \ ( \ )_ ] ∗ ) \ ∗ \ ∗ 2 ’ , r ’ \ 1 ∗ \ 1 ’ , s )
whi le l en ( s ) > 65 :

( s , r e s t ) = s p l i t e q s t r ( s , 65 )
p r i n t s
s = ’ ’ + r e s t

p r i n t s

def i m p l i c i t _ e l ( ) :
x , y , t h e t a , a , b = map ( Symbol , [ ’ x ’ , ’ y ’ , ’ t h e t a ’ , ’ a ’ , ’ b ’ ] )
r_x , r_y = map ( Symbol , [ ’ r_x ’ , ’ r_y ’ ] )
u_xx , u_xy , u_yy , u_x , u_y , u_0 = map ( Symbol , [ ’ u_xx ’ , ’ u_xy’ , ’ u_yy ’ , ’ u_x ’ , ’ u_y ’ , ’ u_0 ’ ] )
P = Po ly ( expand (

( ( ( x−r_x )∗ cos ( t h e t a ) + ( y−r_y )∗ s i n ( t h e t a ) )∗ ∗ 2 / a∗∗2+
(−(x−r_x )∗ s i n ( t h e t a ) + ( y−r_y )∗ cos ( t h e t a ) )∗ ∗ 2 / b∗∗2−1)∗a∗∗2∗b∗∗2) , x , y )

p r i n t e q l i s t ( [
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[ u_xx , P . c o e f f ( 2 , 0 ) ] ,
[ u_xy , P . c o e f f ( 1 , 1 ) ] ,
[ u_yy , P . c o e f f ( 0 , 2 ) ] ,
[ u_x , P . c o e f f ( 1 , 0 ) ] ,
[ u_y , P . c o e f f ( 0 , 1 ) ] ,
[ u_0 , P . c o e f f ( 0 , 0 ) ]

] )

def p a r ame t r i c_ b z ( ) :
t = Symbol ( ’ t ’ )
P = Po ly ( symp i fy ( ’ (1− t )∗∗3∗p_x0+3∗(1− t )∗∗2∗ t ∗p_x1+3∗(1− t )∗ t ∗∗2∗p_x2+ t∗∗3∗p_x3 ’ ) , t )
p r i n t p o l y c o d e ( ’ a ’ , P , 3 )
P = Po ly ( symp i fy ( ’ (1− t )∗∗3∗p_y0+3∗(1− t )∗∗2∗ t ∗p_y1+3∗(1− t )∗ t ∗∗2∗p_y2+ t∗∗3∗p_y3 ’ ) , t )
p r i n t p o l y c o d e ( ’ b ’ , P , 3 )

def bz_bz_check ( ) :
x , y , t = symbols ( ’ xy t ’ )
X = symp i fy ( ’ a3∗ t ∗∗3 + a2∗ t ∗∗2 + a1∗ t + a0 ’ )
Y = symp i fy ( ’ b3∗ t ∗∗3 + b2∗ t ∗∗2 + b1∗ t + b0 ’ )
P = Po ly ( (X−x )∗∗2+(Y−y )∗∗2 , t )
p r i n t p o l y c o d e ( ’ u ’ , P , 6 )

def i m p l i c i t _ b z ( ) :
x , y , t = symbols ( ’ xy t ’ )
a3 , a2 , a1 , a0 = map ( Symbol , [ ’ a3 ’ , ’ a2 ’ , ’ a1 ’ , ’ a0 ’ ] )
b3 , b2 , b1 , b0 = map ( Symbol , [ ’ b3 ’ , ’ b2 ’ , ’ b1 ’ , ’ b0 ’ ] )
P1 = Po ly ( a3∗ t ∗∗3+a2∗ t ∗∗2+a1∗ t +a0−x , t )
P2 = Po ly ( b3∗ t ∗∗3+b2∗ t ∗∗2+b1∗ t +b0−y , t )
P = Po ly ( r e s u l t a n t ( P1 , P2 ) , x , y )
p r i n t e q l i s t ( [

[ ’ v_xxx ’ , P . c o e f f ( 3 , 0 ) ] ,
[ ’ v_xxy ’ , P . c o e f f ( 2 , 1 ) ] ,
[ ’ v_xyy ’ , P . c o e f f ( 1 , 2 ) ] ,
[ ’ v_yyy ’ , P . c o e f f ( 0 , 3 ) ] ,
[ ’ v_xx ’ , P . c o e f f ( 2 , 0 ) ] ,
[ ’ v_xy ’ , P . c o e f f ( 1 , 1 ) ] ,
[ ’ v_yy ’ , P . c o e f f ( 0 , 2 ) ] ,
[ ’ v_x ’ , P . c o e f f ( 1 , 0 ) ] ,
[ ’ v_y ’ , P . c o e f f ( 0 , 1 ) ] ,
[ ’ v_0 ’ , P . c o e f f ( 0 , 0 ) ]

] )

def bz_bz ( ) :
x , y , t = symbols ( ’ xy t ’ )
P = symp i fy ( ’ u_xxx∗x∗∗3+u_xxy∗x∗∗2∗ y+u_xyy∗x∗y∗∗2+u_yyy∗y∗∗3+u_xx∗x∗∗2+u_xy∗x∗y+u_yy∗y∗∗2+u_x∗x+u_y∗y+u_0 ’ )
X = symp i fy ( ’ a3∗ t ∗∗3 + a2∗ t ∗∗2 + a1∗ t + a0 ’ )
Y = symp i fy ( ’ b3∗ t ∗∗3 + b2∗ t ∗∗2 + b1∗ t + b0 ’ )
P = Po ly ( P . subs ( x ,X ) . subs ( y ,Y) , t )
p r i n t p o l y c o d e ( ’ v ’ , P , 9 )

def e l _ e l ( ) :
x , y = symbols ( ’ xy ’ )
u_xx , u_xy , u_yy , u_x , u_y , u_0 = map (

Symbol , [ ’ u_xx ’ , ’ u_xy ’ , ’ u_yy ’ , ’ u_x ’ , ’ u_y ’ , ’ u_0 ’ ] )
v_xx , v_xy , v_yy , v_x , v_y , v_0 = map (

Symbol , [ ’ v_xx ’ , ’ v_xy ’ , ’ v_yy ’ , ’ v_x ’ , ’ v_y ’ , ’ v_0 ’ ] )
P1 = Po ly ( u_xx∗x∗∗2+u_xy∗x∗y+u_yy∗y∗∗2+u_x∗x+u_y∗y+u_0 , x ) ;
P2 = Po ly ( v_xx∗x∗∗2+v_xy∗x∗y+v_yy∗y∗∗2+v_x∗x+v_y∗y+v_0 , x ) ;
P = Po ly ( r e s u l t a n t ( P1 , P2 ) , y )
p r i n t p o l y c o d e ( ’ a ’ , P , 4 )

def b z_ e l ( ) :
x , y , t = symbols ( ’ xy t ’ )
P = symp i fy ( ’ u_xx∗x∗∗2+u_xy∗x∗y+u_yy∗y∗∗2+u_x∗x+u_y∗y+u_0 ’ ) ;
X = symp i fy ( ’ a3∗ t ∗∗3 + a2∗ t ∗∗2 + a1∗ t + a0 ’ )
Y = symp i fy ( ’ b3∗ t ∗∗3 + b2∗ t ∗∗2 + b1∗ t + b0 ’ )
P = Po ly ( P . subs ( x ,X ) . subs ( y ,Y) , t )
p r i n t p o l y c o d e ( ’ v ’ , P , 6 )

def b z _ s e l f _ i n t e r s ( ) :
s , t = symbols ( ’ s t ’ )
P1 = Po ly ( symp i fy ( ’ a3∗ ( t ∗∗2+ s∗ t +s∗∗2)+ a2∗ ( s + t )+ a1 ’ ) , s )
P2 = Po ly ( symp i fy ( ’ b3∗ ( t ∗∗2+ s∗ t +s∗∗2)+ b2∗ ( s + t )+ b1 ’ ) , s )
P = Po ly ( r e s u l t a n t ( P1 , P2 ) , t )
p r i n t p o l y c o d e ( ’ u ’ , P , 2 )

i m p l i c i t _ e l ( )
p a r ame t r i c_ b z ( )
bz_bz_check ( )
i m p l i c i t _ b z ( )
e l _ e l ( )
b z_ e l ( ) ;
bz_bz ( ) ;
b z _ s e l f _ i n t e r s ( )
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