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Abstract

As | started writing my own little 2D graphics library, | réz¢d that with very
little extra effort | could write all the techniques and fartae down into this little
document. This here is written to be between theory andipedetpplication, so |
don’t quite write raw source code but rather concentratéheretjuations and how
they come. Sample code is provided to calculate the more lesngolynomial
coefficients as writing them down as formulae is neitherulsair interesting. All
in all I hope you find this document useful, at least in finding tight path.
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1 2D objects

1.1 Line, ray, line segment

Lines can be defined through two points or better through atjpgiand a normalized
vectorfi on the line.

Figure 1: Line, ray, line segment.

The parametric equation for a line is
X=po+th,  t=(—oo,00).
The parametric equation for a ray is
X = po+tA, t = [0, ).
The parametric equation for a line segment is
X=po+th,  t=][0,|p1— poll.

1.1.1 Line segment length
| = |p1—pol-
1.1.2 Distance of a point from a line
Given pointx the distance from the line is:
d = |po+ ((x—po) - M)A — x|
1.1.3 Determing whether a point is on the line
Testing by the parameter

for aray: t>0,
foraline segment: t>0At<I.



Testing by a given point we first find the parametéby
t=(x—po)-h.
If the point is on the line then the following must hold:
|po+th—x|=0.

Additionally for a ray or a line segment we need to make suagttis in the proper
range.

1.2 Circle, arc

Figure 2: Circle, arc.

Circle can be defined through a center (xo,Yo) and radiuR. The implicit equation
for a circle is

(X—X%0)?+ (y—Yo)* = F%.
Arc on the circle can be specified by two angiesand¢;.

1.2.1 Determing whether a point is on the circle
Given pointx the following must hold true:
x—¢c|=R

Given an arc segment between angjgsandd1, we can find the normalized vectors
towards the ends of the arc segment:

o = (cospo,sindo),
1

= (cosps,singy)

and the vectom splitting the arc:

m= (cos¢0+¢1,sin¢0+¢l) .

P
f

2 2
If the point is on the circle, then it is also on the specifietlifir
(x—c)-m>RFfp-m.

The vectorh and the value on the right side can be precalculated for Vastiation.



1.2.2 Length of an arc
I =1]¢1—do|R

1.3 Ellipse, elliptic arc

Figure 3: Ellipse, elliptic arc.

Canonical ellipse (one that is at the center of the coordiegstem and has not been

rotated) has the equation

XZ y2
2=t 1)

1.3.1 Implicit equation of the ellipse

Suppose we have an ellipse with radiuaesdb, rotated counter-clockwise /and
then translated to location= (ry,ry). The reverse transformation will take a point

p=(xy)to

b = cos® sinB (P—r)= (x—rx)cosB+ (y—ry)sin®
—sin® cosh —(X—Try)SiNB+ (y—ry)cosB )

Replacing this into the canonical ellipse equatibngets us

((x—rx) cosB+ (y —ry) sin®)? N (—(x—ry)sinB+ (y—ry)cosh)?

az b2 =1
Expanding this leads to
UyxXZ + Uy XY + Uyyy? -+ UxX -+ Uyy -+ Ug = 0 2)

where the coefficients come as

u_xx = axaxsin(thetaksin(theta) + bbxcos(theta}cos(theta);
u_xy = —2xaxaxcos(theta}sin(theta)

+ 2xbxbxcos(theta)sin(theta);
u_yy = axaxcos(theta)}cos(theta) + bbxsin(thetaksin(theta);
u_x = —2xr_yxbxbxcos(theta}sin(theta)

+ 2xr_y*axaxcos(theta)sin(theta)

— 2xr_xxakxaxsin(thetaxsin(theta)

— 2xr_xxbxbxcos(theta)cos(theta);
u_y = —2xr_xxbxbxcos(theta}sin(theta)



2xr_xxaxaxcos(theta)sin(theta)
2xr_yxaxaxcos(theta)cos(theta)
2«r_yxbxbxsin(theta)sin(theta);

= —2xr_xxr_yxataxcos(theta}sin(theta)
2xr_xxr_yxbxbxcos(theta}sin(theta)— axaxbxb
axaxr_xxr_xs*sin(theta)xsin(theta)
axaxr_yxr_yxcos(theta)}cos(theta)
bxbxr_xxr_xxcos(theta)}cos(theta)
bxbxr_yxr_yxsin(theta)sin(theta);

I+

=

+ ++ + + o |

We can also rewrite equatioB)(in the following way:

Uy +- (UxyY + Ux)X + (Uyyy2 +Uuyy +Up) = 0. (3

1.3.2 Determing whether a point is on the ellipse

Given pointx = (x,y) we can verify that it is on the ellipse by evaluating the irapli
ellipse equation).

If we are given an arc on the ellipse through angiggandé1, then we can again
find the normalized vectors towards the ends of the arc segmen

o = (cospo + B,sindpo+ 0),

i
f1=(cospy+6,sing1+6)

and the vectom splitting the arc:

M — (COS¢O+¢21+ze,sin¢0+¢21+29) _

If the point is on the circle, then it is also on the specifietlifir

(x—c)-m>|x—c|fo- M.

1.3.3 Finding the vectors p and ry

Given a canonical ellipse, the endpoints are located tosvaodmalized vectorgy =
(fox,foy) andf1 = (rix, r1y) given by

0 = (cosdo, sindo),

1= (coshy,sing).

We can get vectorsg andrj by intersecting a line in the direction of an endpont
(x = fot) with the ellipse. This can be done by solving the followingiola:

(od)? , (1o’
a2

f
f

2 b

roxb?t? + 5, a%t? = a’h?

From here we only have use for the positive

a?b?
t= [— 2~
a?rg, +b2rg,



and the point is

ro=tfo= 72b2 f
0o=1ro 0:
a?r§, + b2rg,

For an arbitrary ellipse with rotatiobithe formulae are

fo— a2h? ( cosH —sind > o
a2r(§y +b2rg, \ sin® cosd ’

o a?b? cosd  —sinb \ .
1= a2r§y +b2rZ \ siné cosd 1

1.3.4 Length of an elliptic arc

Given ellipse with a paramentric equation in canonical fism

x(t) = acog,
y(t) = bsint.

I:/ds

= /\/dx2+dy2

t1
— | Va2sir’t + b2cotdt.

fo

Then the length is

While this is an ellipse and that's an integral - we have ontheffamous unsolvable
elliptic integrals. So we must use numeric integration agéhat is left to determine
are the integration limits. As we can calculate the poinuaitarc ends, the valuds

simply

to=cos?t %o
a

Yoo = 0,

or

X

to = 21— cos * ?0 it Yoo <O.

1.3.5 Normal along the line

We again find the parametecorresponding to positioxjust as inl.3.4and then just
use the parametric equation:

dx dy .
o (d_)t(’m) _ (—asint,bcog)
‘(%,‘é—}’)‘ Va2sirPt + b2cogt



1.4 Cubic bezier curve

P2
Figure 4: Cubic bezier curve.

Cubic bezier curve is parametrically defined through founfspk = (pu, Pyk) as:
X(t) = (1—1)%po+3(1—t)’tp1+ 3(1—t)t°p2 +t°ps, t<[0,1]. 4)
Sometimes it is useful to employ this form instead

x = agt®+ at? + axt + ao,
y = bgt®+ bst? + byt + b

where the coefficients are

a3 = p_x3— p_x0 — 3xp_x2 + 3xp_x1;
a2 = —6xp_x1 + 3p_x0 + 3kp_x2;

al = —3xp_x0 + 3xp_x1;

a0 = p_x0;

b3 = p_y3— p_y0 — 3xp_y2 + 3kp_yl;
b2 = —6xp_yl + 3xp_y0 + 3xp_y2;

bl = —3«p_y0 + 3p_yl;

b0 = p_yo0;

1.4.1 Determing whether a point is on the cubic bezier curve

If the point is given parametrically ky then it just has to be in the intervi@l 1]. If we
are given a pointg = (x,y) then we need to solve the equation

(x— agt® + apt? + agt + ag)2 + (y — bat® + bst? + byt + bg)?> = 0

for t. If thet is real and within the intervgD, 1], then the point is on the line. This
equation expands to

Ugt® + ust® 4 ugt? + uat® + ust? + ust + up = 0

where the coefficients are

u6 = a3«a3 + b3kb3;

uS = 2xa2«a3 + Zb2xb3;

u4 = 2xalxa3 + 2blxb3 + aZa2 + bzb2;

u3 = —2xa3xx — 2xb3xy + 2xa0xa3 + Zalxa2 + 2b0xb3 + 2«blxb2;
u2 = —2xa2«x — 2xb2xy + 2+xa0xa2 + 2b0«b2 + altral + blxbl;

ul = —2xalxx — 2xblxy + 2xa0Oxal + 2b0xbl;

u0 = —2xalxx — 2xb0Oxy + a0xal0 + bO«b0 + xxx + yxy;




1.4.2 Implicitization of the cubic bezier curve
We can give the parameterized cubic bezier curve the fatigiorm:

agt® + agt? +agt +ap—x=0,
bat3 + bpt? 4 byt +bp—y = 0.

We want to turn this into an implicit curve equation, that ieovhere we have no
dependance on the parameter

f(x,y) =0.
This can be done using the resultant (or the Bezout's detexm) to eliminate variable
t. As a result we get the following equation:

Vo< 4 Vigey X2 4 Vi XY2 + Vi Y 4 VigX® - Viey XY + V2 + VX + WY + Vo = O

where
V_XxX = b3xb3xb3;
V_XxXxy = —3xa3xb3xb3;
V_Xyy = 3xb3xa3xa3;
V_yyy = —a3xa3xa3;

V_XxxX = —3xa3xblxb2xb3 + alxb2+b3xb3 — a2xb3xb2xb2

+ 2xa2+xblxb3xb3 + 3+xa3xb0xb3xb3 + a3«b2xb2+b2 — 3xa0xb3xb3xb3;
v_Xxy = alxa3«b2+b3 — a2+a3xblxb3 — 6xb0xb3xa3xa3

— 3xalxa2«b3xb3 — 2xa2«a3+xb2xb2 + 2xb2xb3xa2xa2

+ 3xblxb2xa3*xa3 + 6:a0+«a3xb3xb3;
v_yy = 3xalxa2+a3xb3 + a3xb2«a2xa2 — a2xblxa3xa3

— 3xal0«b3xa3xa3 — 2xalxb2«a3xa3 — b3xa2+«a2«a2 + 3kxb0xa3xa3xa3;
= a2xa3xb0xblxb3 — alxa2xblxb2xb3 — alxa3xb0xb2xb3
6xa0xa3xblxb2xb3 + blralxalxb3xb3 + b3xa2xa2xblxbl
3xb3xa3xa3xb0xb0 + alra3xblxb2xb2 — a2«a3xb2xblxbl
— 6+xa0xa3xb0xb3xb3 — 4xal0+xa2+xblxb3xb3 — 3xb0xblxb2xa3xa3
— 2xa0xalxb2+b3xb3 — 2xalxa3xb3xblxbl — 2xb0xb2xb3xa2«xa2
2xa0xa2xb3xb2xb2 + 2ra2xa3xb0xb2+xb2 + 3xalxa2xb0xb3xb3
a3xa3xblxblxbl + 3xra0xal+xb3xb3xb3 — 2xalxa3xb2xb2xb2;
v_y = alra2xa3+xblxb3 + alrxa2«a3xblxb2 — alOxalxa3xb2xb3

— 6xalxa2+xa3xb0xb3 — alxalxalxb3xb3 — 3xa3xa3xa3xb0xb0
alxa3xa3xblxbl — a3xalxalxb2+b2 — 3xa3xa0+xa0xb3xb3
a2xb2xb3xalxal — alxblxb3xa2+a2 — 3xalxblxb2xa3*xa3
2xa0xb2«b3+xa2+a2 — 2xa3xb0xb2xa2xa2 + 2alxa2xa3xb2xb2
2xa2xb0xblxa3xa3 + Za3xblxb3xalxal + 3xalxalxa2x«b3xb3
4xalxb0xb2+a3xa3d + 6:a0«b0xb3xa3xa3 + 2b0xb3xa2xa2«a?2;
= alOkalxa2xblxb2+b3 + altalxa3xb0xb2xb3 — alOxa2xa3xb0xblxb3
alxa2xa3xb0xblxb2 + bOtalxalxalx«b3+xb3 — b3xa2xa2+xa2xb0xb0
alxb0Oxa3+xa3xblxbl + alxb2+xalxal0«b3xb3 + a3«bOxalxalxb2xb2
a3xb2xa2+a2+b0xb0 — alxblxalxalxb3xb3 — alOxb3xa2«a2xblxbl
a2xblxa3xa3xb0xb0 — a2xb3xalxalxb2+xb2 — 3xa0«b3xa3*xa3xb0xb0
— 2xalxb2xa3+xa3xb0xb0 + 2xa2+«blxalxal0xb3xb3
3xa3xb0xal0+xa0xb3xb3 + alta2«a3xb2xblxbl + al«bOxblxb3xa2xa2
— al+xalxa3xblxb2xb2 — a2xb0xb2xb3xalxal — 3xalxalxa2xb0xb3xb3
— 3xa3xblxb2«b3xal0xal0 — 2xalxa2xa3xb0xb2xb2
2+xa3xb0xblxb3xalxal + Zalxalxa3xb3xblxbl
2xa0xb0xb2+xb3xa2«a2 + 3xa0xb0xblxb2xa3xa3
3xalxa2+xa3xb3xb0xb0 + a3xa3xa3xb0xb0xb0 — alxalxalxb3xb3xb3
a3xa0xa0xb2+b2xb2 — alOxa3xa3xblxblxbl;

Vv

+ + x

+ +

I ++ 1 o+ + | + 1

4e

+ + + |




1.4.3 Splitting the cubic bezier curve

We want to split the bezier curve into two curves at param@imintt. We apply the
de Casteljau algorithm:

(1-t)po-+tpa,
(1-t)p1+tpz,
(1-t)p2+tps,
1-t)pg+tpi,
1-t)pi+1tp3,
P = (1—t)pj+tpi

Here the splitting point ip3 and the two new cubic bezier curves are:

(1—1)%po+3(1—t)%pg+3(1—t)t?p3 +t3p3, te[0,1],
(1-1)%3+3(1-t)%tpf +3(1 - t)t%p3 +t3ps, te€[0,1].

Xa(t)
Xz(t)

1.4.4 s a cubic bezier curve self-intersecting

We get a pair of equations

agt® + apt? 4 agt + ag = ags® + axs* + a;Ss+ ao,
bst2 + bot? + bat + by = bss® + bos? + bys+ by.

Simplifying this gets us

ag(t?— ) +ap(t? — ) +ay(t—s) =0,
b3(t3 — Sg) + bz(tz - 52) + bl('[ - S) =0

Assumingt # swe can divide this byt — s). This yields us

at?+9+) +a(t+s) +a =0,
bs(t? + &t + %) + byt +5) + by = 0.

We can reduce this to a polynomial of single variable by uiireyesultant, so that we
get:
U2'[2 +uit+up=0

where the coefficients are

u2 = —2+a2xa3*xb2+xb3 + a2a2+b3+xb3 + a3xa3xb2xb2;
ul = —alxa3xb2xb3 — a2+a3xblxb3 + alxa2+b3xb3 + blxb2xa3xa3;
u0 = —alxa2«b2«b3 — a2xa3xblxb2 — 2+alxa3xblxb3 + alralxb3xb3

+ a3xa3xbl«bl + alra3xb2«+b2 + blxb3xa2+a?2;

We solve this equation and if there are real values in thea#hd], then the cubic
bezier curve is self-intersecting. The intersection poare indicated by the values of
t.
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1.4.5 Length of a cubic bezier curve
| = /ds

= /\/dx2+dy2

1
_ / \//(38at2 + 220t + a1)? + (30at2 + 20t + byt
0

However, it seems that this integral does not have a clogedd$olution so one has to
integrate it numerically, for example using the Simpsounlsr

1.4.6 Normal along the line

At every point in the line there is a normal vector tangentiline. It is

dx d
Ao (d_)t(’d_)t/) B (3agt? 4 2apt + ay, 3bat? + byt + by)
‘(%%}’)‘ /(3agt? + 285t +ar)2 + (3bgt2 + 2bot + by)2

2 2D intersections

2.1 Line, line segment and ray intersections

A

bo

Figure 5: 2D line intersection.

We are given two lines andB (figure5) by the parametric equations

a = a+s4

b = bothE),
whereap = (aox, agy) andbg = (box, boy) are points on the line& andB, & = (anx, any)
andb = (bnx, bny) are normalized vectors along the lines amhdt are the independent
parameters. We are interested in the paist (x,y) where those two intersect, that is
wherea = b. For this the following must hold true:

ag+ A= bo+tb (5)

11



and after finding the parametérer s satisfying this condition we can write
X = ag+ sA = bg + b. (6)
Expanding the vectors irbf we get a system of two equations in two unknowns:

anxS— bt = box — aox,

From here
‘ box—aox  —bnx

S— boy — Aoy _bny _ (boy* aOy) brx — (bOx* an) bny
anx  —bnx Anybnx — anxbny ’
any —bny

anx  box— aox
t— any boy —aoy :anX(bOy_aOy)—any(bOX—an)

anx  —bnx Anybnx — anxbny '
dny — bny

As x in equation 6) can be calculated from only one parameter, only one of these
required. However, if we are dealing with rays or line segtaémen these parameters
are necessary to determine if the intersection is on the spgfsee sectiof.1.3.

2.2 Line-arc intersection

Figure 6: 2D line-arc intersection.

The equation of the circle centeredcat (Xo, o) with radiusR is
(X—x0)?+ (Y~ Yo)* =R

and the equation of the line is
X = po+ SA.

wherepg = (a,b) is a point on the linefi = (ny,ny) is a normalized vector along the
line ands is the parametric variable. Putting the line equation ihtdircle we get

(a+ s —x0)° + (b+ sty — yo)? = R,

12



This is a quadratic equation that we can solvesfor
((a—X0) +s%)? + ((b—yo) + sy)? = R,
(A+s%)?+ (B+sy)? =R,
AZ + 2Asny + g + B? 4 2Bsny + S — RE =0,
(g +1)s* + S(2An + 2Bny) + A+ B> — RF =0,
SP+LC+D=0,

o —C£vCZ-4D
- ===

S= —(An,+Bny) & \/(An, + Bn,)2 - A2 - B2 4 R2.

So the points on the circle are

X=PpPo+sn

wheresis

s= —(Any+Bny) £ \/(An)mL Bny)2 — A2— B2+ R?

A= (a—xg), B=(b—yo).
In case the expression under the square root is negative,itheo intersection.

2.3 Arc-arc intersections

Figure 7: 2D arc-arc intersection.

To simplify things lets put one of the circles to the middleloé coordinate system and
another with center on the x-axis. In this case the two ciqgleations are

¥4y =R,

(x—d)?+y?=r?

whered is the distance between the centers of the two circles. Guntpthese two
we get
(x—d)2+RP—x2—r2=0.

13



From here we can fingt
X —2xd+d?+RP—x2—r? =0,

x— d?+R2—r?
B 2d '
Findingy is now trivial:

y=+vVR2Z—x2

Translating these equations for arbitrarily placed cgaentered at; andc, we
get:
d=cx—cy,

d=[d],
e d?+R2—r?
N 2d ’
y=+VR—x2

X cosl sinT |-
_ 2 2 2
X=0 ddiy[ —sinj cosj }d’

d?+R?—r? RR-x2[ 0 1
T - [1 o]d’
2 2 R2 _ (d*4+Re-r2)2
X:Cl+mdi —4d2 O 1 d
2d? d2 -1 0

This can be simplified for calculations such as

RZ—05AB[ 0 1
G

A=d?+R— 12,
A
= >
In case the expression under the square root is negativérthesaon’t intersect.

2.4 Ellipse-line intersection

Figure 8: 2D line-ellipse intersection.
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The canonical form for an ellipse is
2 . V2
a2 b2

wherea is the horizontal and is the vertical radius. Any ellipse can be translated and
rotated to take this form. The parametric equation for aikne

X =Xg+ SN

wherexg = (Xo,Yo) is @ point on the line and = (ny,ny) is a normalized vector along
the line. These two equations can be combined so that we get

(Xo+5%)? | (Yo+sny)?
a2 + b2

This is a quadratic equation that we can solvesfor

=1

2 2 2 2
X5 . 2Xohy n Yo 2yOny ny .
2t S+a_)2(sz+@+ = 5+F527170,
R n 200 | 2y . % Y3
(ﬁ*@ 52+(7+ % )S+;+p—1=°v
(ngb? + nga?)s” + (2xonyb? + 2yonyaZ)s+ xgb? + yga® — a’b? = 0,
AS +Bs+C=0,
—B++vB?—4AC

In case the expression under the square root is negative,dh&no intersections.

2.5 Ellipse-ellipse intersection

We are given two ellipses through implicit equations

U + (U + U)X+ (Uyyy* + Uy +Uo) = O,
Viook” - (VY + V)X + (VoY + Wy +vo) = 0.
These are two multivariate polynomials and we want to findr tb@mmon roots. To
do this we eliminate one of the variables using the resulfem result is the following
equation:
sy’ + agy® + azy’ + a1y +ap =0

where the coefficients come as

a4 = —U_XXkU_XY*V_XY*V_YYy — U_XY*U_Yy*V_XX*V_XYy
— 2% U_XX*kU_YY*V_XX*kV_YY + U_XXkU_XX*xV_YY*V_Yy
+ U_YY#U_YY*V_XX*V_XX + U_XXxU_YY*V_XYy*V_Xy
+ V_XX*V_YY*U_Xy*U_XY;

a3 = —U_XkU_XX*kV_XY*V_YYy — U_X*U_Yy*V_XX*V_XYy
— U_XX*¥U_XY*V_X*V_YY — U_XXkxU_XY*V_Xy*V_y
— U_XY*U_Y*V_XX*V_XY — U_XY*U_YY*V_XkV_XX
— 2% U_XX*¥U_Y*V_XX*V_YY — 2kU_XX*xU_YY*V_XX*V_Yy
+ 2% U_XkU_XY*V_XX*V_YY + 2%U_XXxU_YY*V_X*xV_XYy
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+ U_XX*kU_Y*xV_XY*V_XY + V_XX*V_Y*kU_XYy*U_XY
+ 2%U_Y*xU_YY*V_XX%xV_XX + 2%V_Yy*V_YyyxU_XX*kU_XX;
a2 = —U_OxU_XYy*V_XX*V_XY — U_XxU_XX*V_X*V_Yyy
— U_X*xU_XX*xV_XY*V_Y — U_XkU_Y*V_XX*V_XY — U_XkU_YY*V_X*kV_XX
— U_XX#U_XY*xV_0*kV_XYy — U_XX+U_XY*V_X*V_Y — U_XY*kU_Y*V_X*kV_XX
— 2% U_O*U_XX*V_XX*V_YY — 2%U_XX*kU_Y*V_XX*V_Yy
2% U_XXxU_YY*V_0%xV_XX + 2%U_XkU_XY*xV_XX*V_Yy
2% U_XXkU_Y+V_X*kV_XY + U_XXkU_XX*xV_Y*V_Y + U_YkU_Y*V_XX*V_XX
U_O%U_XX*kV_XY*V_XY + U_XXkU_YY*V_X*xV_X + V_0%V_XX*U_XYy*U_XYy
V_XX*V_YY*U_X+¥U_X + 2xU_OxU_YyyxV_XX*xV_XX
2xV_0%V_yy*U_XXxU_XX;
al = —u_OxU_X*xV_XX*V_XY — U_OxU_XY*xV_X*V_XX — U_X*xU_XXxV_0xV_Xy
U_X#kU_XX*V_X*kV_Y — U_X*xU_Y*V_X*xV_XX — U_XXkU_XYy*V_0%V_X
2% U_OxU_XX*¥V_XX*V_Y — 2xU_XX*xU_Yy*V_0xV_XX
2xU_OxU_XX*xV_X*V_XY + 2xU_XxU_Xy*V_0*xV_XX
U_XXkU_Y*V_X*V_X + V_XX*V_Y*xU_XkU_X + 2xU_OxU_Yy*V_XX*xV_XX
2xV_0*V_Yy*kU_XX*¥U_XX ;
a0 = —u_OxU_XxV_X*V_XX — U_XxU_XX*xV_0xV_X — 2xU_0xU_XXxV_0%xV_XX
+ U_Oxu_O*V_XX*V_XX + U_XXxU_XX*xV_0xV_0 + u_Oku_XX*V_X*V_X
+ V_OxV_XX*kU_XxU_X;

I + o+ + + |

+ + + |

We solve the equation, discard all complex values and geti@ssef possibley.
We replace these into

Uk + (U + U)X+ (Uyyy? + Uy + Ug) = 0
and solve it to get matchings. Finally we check that the points, y) we get satisfy
Voo 4 (VY + V)X + (Vyyy? + VY + Vo) = O.

Once this has passed we have arrived to our intersectiotsggig). Ellipses can have
up to four different intersection points.

Note that for circle arc-elliptic arc intersection we castjgonvert the circle into
an ellipse and apply this method.
2.6 Cubic bezier-line intersection

This can be tackled the following way. We translate and eotia¢ line and the bezier

curve so that the line is on the x-axis. This gives us a simpleagon for now the

y-component of the bezier parametric equation must be 0 antbesecting points.
Suppose we have a line defined through a prjrds

X=Xo+ SN

wheref = (ny,ny) is a normalized vector along the line. The transformatiofrixto
rotate the cubic bezier’s control points would be

| cosB —sin@ | | nx —ny
| sin®@ cosB | | ny ng |

We would transform the bezier curve control points like this

Pk = A(pk — Xo)

wherep; = (a, bx).
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From the control points we only have use for fseomponent and form the fol-
lowing equation:

(1—1)30p+3(1—1t)tb; +3(1—t)t?by +t3p3 = 0
Expanding this gets us
(b3 4 30y — 3bp — bo)t® + (3bg — 6by + 302)t2 4 (3by — 3bg)t +bg = 0
which is a polynomial in. Solving this, and limiting for real cases in the inter{@],
gets us the locations of the intersecting points.
2.7 Cubic bezier-ellipse intersection
The implicit equation of the ellipse is
UnoxXZ + Uy XY + Uyyy? + UsX -+ Uyy + Ug = O.

The bezier curve is defined parametrically as

x = agt®+ at® + axt + ao,
y = bgt3 + byt + bat + bo.

What we can do is substitute tk@ndy in the ellipse’s implicit equation with the ones
defined by the bezier curve. We get a degree 6 polynomial:

VGIG + V5t5 + V4'[4 + V3t3 + Vz'[2 +vit+vo=0

where the coefficients are

v6 = a3xb3xu_xy + u_xxxa3xa3 + u_yyb3xb3;
v5 = a2«b3xu_xy + a3xb2xu_xy + 2ca2«a3xu_xx + 2xb2xb3xu_yy;
v4d = al«b3xu_xy + az2b2xu_xy + a3«blxu_xy + 2ralxa3*xu_xx

+ 2xblxb3xu_yy + u_xxxa2xa2 + u_yyb2xb2;

v3 = a3xu_x + b3xu_y + alO«b3xu_xy + alxb2xu_xy + a2:blxu_xy
+ a3xb0xu_xy + 2ral0xa3xu_xx + 2xalxa2xu_xx + 2xb0xb3xu_yy
+ 2xblxb2xu_yy;

V2 = a2xu_x + b2xu_y + aO«b2xu_xy + alxblxu_xy + a2:bOxu_xy
+ 2xa0xa2xu_xx + 2«b0xb2xu_yy + u_xxxralxal + u_yyblxbl;

vl = alxu_x + blxu_y + aO«blxu_xy + alxbOxu_xy + 2xaOxalxu_xx
+ 2xb0«xblxu_yy;

vO = u_0 + aGu_x + bOku_y + al«bOxu_xy + u_xxxaO«xa0
+ u_yy*xb0xb0;

We solve the polynomial for roots, discarding all complebues and values outside
[0,1].

2.8 Cubic bezier-cubic bezier intersection
This can be done by using an implicitized form for one of theiéecurves:
UnoodX - UseyX2Y + UsyyXY? - Uy + UsoeX® - Uy XY + Uy ¥ -+ UxX 4 Uyy 4 Ug = O
and substitutinge andy from the other bezier curve:
{x: agt3 + axt?+ant + ap,
y = bgt3 + bot? + bat + bo.
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We'll get a polynomial it that we can solve for roots:

Vgtg—l-Vsts—l—... +vo=0

where the coefficients are

18



We solve this for roots, discard the complex roots and vatugside the region
[0,1] and then calculate the point using the parametric form. rAfiat we need to
make sure that the point is actually on the first curve. Thisleadone as specified in
sectionl.4.1

2.9 Refining the intersections

Intersections involve calculations that can be numescafistable. This comes out
very clearly for the cubic bezier curve-cubic bezier cumneisections. If we require
the cubic bezier curve to be sufficiently smooth, we can usmpls trick to refine the
intersection point.

Having an intersection point we can take its parametrictlona on the two curves.
If the curves are smooth, then zooming in at the interseq@nt one can see that they
behave very closely to straight lines there. We can caleula normals and do a
simple line-line intersection to refine the intersectioimpo

This simple technique can improve the precision by sevedsdrs of magnitude in
one step.

A Polynomials and resultants

I’m not going to go into much detail on how to solve polynorsial calculate resul-
tants. If you need to look for a nice algorithm with exampldeplease find “Numeric
Recipes: the Art of Scientific Computing”. For example thglerre’s method is nice
for finding the roots and you can use the Newton-Raphson istpthie real roots.
Calculating resultants can be done using a CAS (computebedgsystem).

B Code generation routines

Most of the indexes in the equations above were generatad pgthon and Sympy.
Sympy is a pretty nice CAS (computer algebra system). Hethascode that was
used:

from __future__ import division
from sympy import =
import re

def splitegstr(s,n):
idx = max (s.rfind('+", 0, n), s.rfind(~", 0, n))
if idx == —1: idx = len(s)
return (s[0:idx], s[idx:])

def printpolycode(varn, P, n):
el =]
for i in range(n-1,-1):
el.append ((varn + str(i), P.coeff(i)))
printeqlist(el)

def printeqlist(el):
for (varn, eq)in el:
S '
s re.sub (r'([az]+[a—z0—9\(\)__ ]#)\#\x3", r’\1x\1x\1", s)
s = re.sub (r'([az]+[a—z0—9\(\)__]=)\x\x2", r’\1x\1", s)
while len(s) > 65:
(s, rest) = spliteqstr (s, 65)
print s
s =
print s

str(varn) + =, + str(eq) + ';’

'+ rest

def implicit_el ():
x, y, theta, a, b = map(Symbol,
r_x, r_y = map(Symbol, ['r_x",'r_
U_XX, U_Xy, u_yy, u_x, u.y, u_0
P = Poly (expand(
(((x=r_x)*cos(theta)+(yr_y)*sin(theta)k=2/ax*2+
(—(x—r_x)*sin(theta)+(yr_y)xcos(theta)}*2/bxx2—1)xax*2xbxx2),x,y)
printeqlist ([

x', 'y', 'theta’, 'a’, 'b’'])
1
map (Symbol, ['u_xx", "u_Xy 'u_yy', 'u_x', 'u_y’, 'u_0'])

< —
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[u_xx, P.coeff(2,0)],

[u_xy, P.coeff(1,1)],

[u_yy, P.coeff(0,2)],

[u_x, P.coeff(1,0)],

[u_y, P.coeff(0,1)],

[u_0, P.coeff(0,0)]
n

def parametric_bz ():
t = Symbol('t")
P = Poly(sympify ("(1-t)«*3%p_x0+3«(1—t)*#2xt*xp_XL+3¢(1—t)* t*x2xp_X2+txx3xp_x3'), t)
printpolycode('a’, P,
P = Poly(sympify ("(1-t)««3%p_yO+3«(1—t)*#2xt*xp_yLl+3¢(1—t)* t*x2xp_y2+t«x3xp_y3'), t)
printpolycode('b’, P,

def bz_bz_check():
X, y, t = symbols('xyt’)
X = sympify('a3#t=*3_+_a2«t*x2_+_alxt_+_,a0")
Y = sympify ("b3xt#x3_+_b2xtxx2_+ blxt_+ b0")
P = Poly ((%X)*#2+(Y-y)*%2,t)
printpolycode('u’, P, 6)

def implicit_bz ():
X, y, t = symbols('xyt’)
a3, a2, al, a0 = map(Symbol, ['a3’,'a2’,’al’,’a0'])
b3, b2, bl, b0 = map(Symbol, ['b3’,’b2’,'b1’,’b0"])
P1 Poly (a3 tx+3+a2«t«x2+alct+ad-x,t)
P2 Poly (b3 t*#3+b2«txx2+blxt+b0-y, t)
P = Poly(resultant(P1,P2), x, y)
printeqlist ([
['v_xxx', P.coeff(3,0)],
['v_xxy"', P.coeff(2,1)],
['v_xyy', P.coeff(1,2)],
['v_yyy', P.coeff(0,3)],

['v_xx"', P.coeff(2,0)],
['v_xy', P.coeff(1,1)],
['v_yy', P.coeff(0,2)],
['v_x', P.coeff(1,0)],
['v_y', P.coeff(0,1)],
['v_0', P.coeff(0,0)]
N
def bz_bz ():

X, y, t = symbols('xyt’)

P = sympify (TU_XXX«X##k3+U_XXYx X425 Y+U_XYYxXxY*52+U_YYYsxysxs3+U_XX# Xk 2+ U_XYkXkY+U_YY*Ysx2+U_X«X+U_y*xy+u_0")
X = sympify ('a3=t==3_+_a2«t*x2_+_al«t_+,a0")

Y = sympify ('b3xt=%3_+_b2xtxx2_+_blxt_+b0")

P = Poly(P.subs(x,X).subs(y,Y), t)

printpolycode('v’, P, 9)

def el_el ():

X, y = symbols ('xy’)
U_XX, U_Xy, U_yy, u_x, u_y, u_0 = map(

Symbol, ['u_xx', 'u_xy', 'u_yy', 'u_x', 'u_y’, 'u_0'])
V_XX, V_XY, V_yy, V_X, v_y, v_0 = map(

Symbol, ['v_xx', 'v_xy', 'v_yy', 'v_x', 'v_y', 'v_0'])
P1 Poly (U_XXX#*%2+U_Xy*X*xy+U_Yyxy=**x2+U_X«X+U_yxy+u_0, X);
P2 Poly (V_XXXx#2+V_Xy*Xxy+V_Yyyxy**2+V_XxX+V_yxy+v_0, X);
P = Poly(resultant(P1,P2), vy)
printpolycode(’'a’, P, 4)

def bz_el():
X, y, t = symbols ('xyt’)
P = sympify (TU_XX«Xxx2+U_XyxXxy+U_YYsy##2+U_XeX+U_yxy+u_0");
X = sympify('a3=t==3_+_a2«t*x2_+_alxt_+,a0")
Y = sympify ('b3xt=*3_+_b2xt*x2_+_blxt_+b0")
P = Poly(P.subs(x,X).subs(y,Y), t)
printpolycode('v’, P, 6)

def bz_self_inters ():
s, t = symbols(’'st’)
P1 Poly (sympify('a3(t#+2+s«t+sxx2)+a2«(s+t)+al’), s)
P2 Poly (sympify ('b3«(t##2+sxt+s*%2)+b2«(s+t)+b1l’), s)
P = Poly(resultant(P1,P2), t)
printpolycode('u’, P, 2)

implicit_el ()
parametric_bz ()
bz_bz_check()
implicit_bz ()
el_el()

bz_el();

bz_bz ();
bz_self_inters ()
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